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ABSTRACT 1. INTRODUCTION

In this paper we examine the problem of efficiently finding sets A common task in both tracking and data mining is to find sets of
of observations that conform to a given underlying motion model. observations or data points that fit some underlying model. In the
While this problem is often phrased as a tracking problem, where it domain of tracking, the track initiation problem consists of using
is called track initiation, it is useful in a variety of tasks where we this approach to determine which observations from different time
want to find correspondences or patterns in spatial-temporal data.steps correspond to the same underlying object without any previ-
Unfortunately, this problem often suffers from a combinatorial ex- 0us track estimates. Figure 1 illustrates the computational problem
plosion in the number of potential sets that must be evaluated. Wethat we are trying to solve. Observations from five equally spaced
consider the problem with respect to large-scale asteroid observa-time steps are shown on a single image with observations from dif-
tion data, where the goal is to find associations among the obser-ferent time steps marked with different numbers. The goal is to
vations that correspond to the same underlying asteroid. In this take the raw data (Figure 1.A) and find sets of observations that
domain, it is vital that we can efficiently extract the underlying as- correspond to the desired motion model (Figure 1.B). The difficulty
sociations. arises from the combinatorics of such a search.

We introduce a new methodology for track initiation that ex-  While this problem is important to such tasks as target tracking,
haustively considers all possible linkages. We then introduce an computer vision, and mining spatial-temporal data sets, our pri-
exact tree-based algorithm for tractably finding all compatible sets mary motivating example in this paper is asteroid linkage. Here
of points. Further, we extend this approach to use multiple trees, We wish to determine which observations correspond to the same
exploiting structure from several time steps at once. We compare true underlying asteroid. These linkages can then be used to deter-
this approach to a standard sequential approach and show how thénine tentative orbits, attribute the observations to a known orbit,

use of multiple trees can provide a significant benefit. and assess the potential risk of an asteroid. The next generation of
sky surveys, such as PanSTARRS or LSST, are designed to pro-
Categories and Subject Descriptors vide vast amounts of observational data that can be used to search

for potentially hazardous asteroids. Further, these surveys have the
potential to allow us to detect and track fainter objects than ever be-

fore. However, these improvements greatly increase the combina-
torics of the problem reinforcing the need for tractable algorithms.

E.1 [Data Structures]: Trees; J.2 Physical Sciences and Engi-
neering]: Astronomy

General Terms Current approaches for finding asteroid linkages are not suitable
Algorithms for these new surveys. The current tools are computationally im-
practicable at the magnitude of the new problem. Further, previous
Keywords apprqaches_were designed to work on relati\{ely clean data, such
as bright objects observed at closely spaced intervals. In contrast,
Multiple Tree Algorithms, Track Initiation we present an approach designed to work on many objects that are

observed at potentially widely spaced times.

Below we introduce a new methodology for asteroid linkage and
Permission to make digital or hard copies of all or part of thawknfor track |n|t|at_|0n. _We present an apprqach that exhaustively consid-
personal or classroom use is granted without fee providaddbpies are ersall p(_)SS'ble Ilnkaggs and returat linkages that cgnform to our
not made or distributed for profit or commercial advantage aatidbpies constraints. We then introduce a tree-based algorithm for tractably
bear this notice and the full citation on the first page. Toycoiherwise, to finding the linkages and provide an efficient pruning methodology
republish, to post on servers or to redistribute to listguies prior specific that exploits the structure of both the problem and the search. We
permission and/or a fee. further extend this approach to use multiple trees, exploiting struc-
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Copyright 2005 ACM 1.59593-135-X/05/0008%5.00. ture from several time steps at once. We compare our multiple tree
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Figure 1: The linkage problem consists of finding one point
from each time step such that they fit the given model (e.g.
in (A) we must find five points numbered 1-5 that are equally
spaced along a line). Two linear tracks are shown (B) and a
third is left as an exercise for the reader.

approach to an adapted version of multiple hypothesis tracking us-
ing spatial data structures and show how the use of multiple trees

can provide a significant benefit.

2. PROBLEM DEFINITION

The linkage problem consists of findiradj tuples of points that
conform to an underlying motion model. Thus the problem is simi-

porating a very simple form of multiple hypothesis tracking [7].
Specifically, whenever a track could feasibly be associated with
multiple different observations at a given time step, we allow the
search to branch off and try each new tentative track (one for each
association). This process is illustrated in Figure 2. The initial
point matches three other points at the second time step, which are
used to create three hypothesized tracks. This process continues to
later time steps with “bad” hypotheses being pruned away.

In order to reduce the number of candidate neighbors examined
at each time stematingis used to eliminate the obviously infeasi-
ble associations. As shown in Figure 3, new points are first filtered
by whether they fall within a window or gate around the model's
predicted position. This approach has also been used in conjunction
with kd-tree structures [2] to quickly retrieve the candidate obser-
vations near the predicted position of a track [11, 12].

It should be noted that there are several potential disadvantages

lar to aspatial joinquery, extended to find associations relative to a of this type of approach that arise from the sequential nature of
given set of motion models. Formally, we can specify the problem the search itself. It does not use evidence from later time steps
as a search query. At each time stepve observeN, points from to aid early decisions. Early “good pairs” may be easily pruned

both the underlying set of objects and a noise process. Given a setsing a lack of further points along the track. Further, this approach

of observations a¥ distinct time steps, we want to find and return
all tuples of observations such that:

1. there is exactly one observation per time step, and

2. it is possible for a single track to exist that passes within
given thresholds of each observation.

The observations consist of real-valued coordinatd3 dimen-
sional space, with indicating theith observation, and time of
observatiort;. Although in many of the applications belaywvill
correspond to time, it can represent any independent variable.

The second condition requires that the observations fit within
some bound$d', 8] of the underlying model. Formally, a tuple
of observationgx,,, - -- , Xj,,) is valid only if there exists a trac
such that:

3-[d] < xi,[d] —g(ty,)[d] < 8" [d] Vd, i 1)

has the potential of being thrown off by noise early in the process.
While branching and considering multiple associations mitigates
this problem, it introduces another problem, the possibility of a
high branching factor causing a significant computational load.

Below we extend this multiple hypothesis tracking approach to
our exhaustive search criteria. Instead of relying on an estimated
track and predicted position, our search tests points at the new time
step for compatibility with the current track (set of previous obser-
vations) by explicitly determining whether they satisfy Equation 1.
To this end we propose new pruning criteria for a tree-based search
that allows us consider this type of satisfiability constraint.

3.2 Parameter Space Methods

Another approach to this problem is to search for associations in
the parameter space of the models themselves. One popular algo-
rithm is the Hough transform [6]. The idea behind these approaches
is that for many simple models, individual observations correspond
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Figure 2: A multiple hypothesis tracker starts from a tentative
set of associations and sequentially checks the later time steps
(A). If multiple points reasonably fit the model then several hy-

pothesis are created (B) and (C).
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Figure 3: Gating can be used to ignore points that could not be
part of the current track. The X marks the model’s predicted
position and the points that fall within the gate are shaded.

Figure 4: One potential advantage of using multiple trees is that
we can use information from later time steps to prune out bad
associations at earlier time steps. There are five initial pairings
that appear reasonable for a given query point, but only one is
confirmed with a later observation.

they lie). The Hough transform looks for such intersections in pa-
rameter space by using grid-based counts of the number of lines
that go through a particular region of parameter space.

There are several major downsides to the parameter space ap-
proach. Maintaining and querying the parameter space representa-
tion can be expensive in terms of both computation and memory.
There are many possible intersections to check and storing occur-
rences may require significant amounts of space.

3.3 Tracking Dense Point Sets

A significant amount of work exists in the computer vision and
tracking community for the related question of tracking a dense set
of point observations. Here the goal is to find a set of “good” asso-
ciations for each observation by assigning the observations to tracks
and scoring the set of tracks with such metrics as smoothness or
consistency. Many of the proposed techniques use a sequential ap-
proach, scanning through time making or refining track/observation
assignments. For example, the greedy exchange algorithm [9] and
its enhancements (e.g. [8, 13]), start with an initial set of assign-
ments and iteratively scan through the time steps looking for pairs
of observations from different tracks that can be exchanged. This
algorithm continues to make such adjustments until they no longer
improve the assignments.

The algorithms developed in these fields may provide accurate
and efficient ways to track dense sets of observations. However,
the important difference between this work and our own is in the
actual question that we are trying to answer. The approaches de-
scribed above attempt to return observation/track assignments that
produce a “good” set of disjoint tracks. Therefore one limiting as-
sumption that appears in these algorithms is that each observation
can only be assigned to at most one track. In contrast, we are in-
terested in returningll feasible sets of observations. Thus a more
comprehensive search is required.

4. MULTIPLE TREE ALGORITHM

to simple regions or curves in parameter space. For example when o, sution to this problem is to buildultiplekd-trees over ob-

linear models are used, a single point in observation sfiacecan
be transformed into a line in parameter space:

c=(-t)-b+x

servations and traverse them simultaneously. Specifically, we build
one tree for each time-step that we wish to use. This approach al-
lows us to not only look for pruning opportunities at the next time
step, but also to consider pruning opportunities resulting from fu-

If a series of observations actually lie along a line, then their corre- ture time-steps. This potential advantage is illustrated in Figure 4.

sponding lines in parameter space will intersect at a common point

Figure 5 shows a one dimensional example of this approach. One

(namely, the point representing the parameters of the line on which tree is built independently on each of thetime-steps. The algo-
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Figure 5: The multiple tree algorithm descends the trees in a depth fst search (A and B). If it reaches the leaf nodes, it explicitly
tests all sets of observations (C). The search can be pruned if it ot possible to fit our model through each of the nodes (D).

b Of ! O] Multiple Tree Track Initiation
o . toe i o . R Input: A set of current tree nodes
* . ! * . ! Output: A list of feasible tuples
. e e I . e e ! 1. Determine if we can prune the current set of nodes.
o |t e e |t e 2. If we cannot prune the nodes:
. '. d . '. ° 3. If all of the nodes are leaf nodes:
X < o [ < 4, Explicitly test each combination of the nodes’
(A) (®) points for feasibility (using one point per node),
adding each new feasible set to the results.
else
Figure 6: A snapshot of the multiple tree traversal of two KD- 5. LetX be the non-leaf node from the current set
trees built on two dimensional points at different times. The that owns théargestnumber of points.
dashed boxes indicate the current nodes being examined. 6. Recursively call Multiple Tree Track Initiation,
usingX'’s right child in place ofX.
7. Recursively call Multiple Tree Track Initiation,

usingX'’s left child in place ofX.

rithm starts at the root of each tree and begins a depth first search__ . . ) o

of combinations of tree nodes. At each level of the search the al- Figure 7: The recursive algorithm for multiple tree track initi-

gorithm picks one node and recursively searches its children (Fig- 310N

ure 5.B). When the search reaches a point wherdlaitees are

at leaf nodes, the algorithm explicitly tests all combinations of the

po_ints at these nodes a_nd returns th_ose tuples of points that fit the 16 yse of multiple trees has previously been explored for effi-

criteria of our model (Figure 5.C). Figure 6 shows a snapshot of ¢jenty answering spatial queries [5, 4]. However, this work has so

this traversal on two dimensional data. o far been restricted to simple spatial proximity queries on points.
In theMabove form, the algorithm wo%ld search all combinations Hjaltason and Samet introduced a multiple tree method to effi-

of they m_; Nm leaf nodes, requiring Qf,_; Nm) time. The bene- ety answer spatial join queries in databases [5]. Gray and Moore

fit of using the tree_-based algorithm is that we can prune regions of present a multiple tree algorithm for statistical N-body problems

the search space if we can ever show timset of points fromthe g,cjy a5 spatial correlation functions [4]. Our work extends the

current nodes could be compatible with our model. We call such multiple tree approach to a significantly more complex question

sets of nodesfeasible Such a case is shown in Figure 5.D. This 5t considers whether points could lie along a trajectory of a given
pruning criteria allows us to possibly ignore large numbers of the o This extension results in a more involved pruning query. Ef-

tuples that would have been tried under a brute force approach.  ficiently answering this pruning query is a key contribution of this
The full recursive algorithm is given in Figure 7. Itis initially  \,qrk and is discussed in detail in Section 5.

called using the set of root nodes from the trees at each time step.

We describe the pruning test in detail in Section 5. It should also be

noted that the decision of which tree to descend (line 5) can be re-5- PRUNING

placed with other criteria. Of particular interestis the conditionthat  In order for the above algorithm to be effective, we need to accu-

we always descend tHest non-leaf tree node. This alternate cri- rately and efficiently prune infeasible sets of nodes. With each node

terion transforms the search to consider the time steps sequentiallywe store a bounding box enclosing the points that it owns. Prun-

Thus it is an exhaustive version of a sequential tracking algorithm ing is equivalent to asking: “Can there exstytrack that passes

adapted to use our feasibility criteria and tree-based pruning. throughall M bounding boxes?” If no such track can exist, then



we can safely stop searching these subtrees. In general, proof that B

such a track does or does not exist may be non-trivial to find. NS -7
Formally, the pruning question is equivalent to finding a set of % ,/"

model parameter&a, b, c) that satisfy the constraints imposed by \\ NPt ,/"

each node or proving that such parameters do not exist. The bound- == —‘-;:,-«3"—\—\ ———————— PEeE e

ing box of theith tree defines 2 constraints on what qualifies as SES AN /,/

a feasible track, an upper boumtf and lower bound.; on the \;>:’*\>

track’s position at that time. In the quadratic case, the constraints T~ _ PPN N

on dimensiord are: el ISR
ald] -t2+ b[d] -t +c[d] < H;[d] @ o R
a[d] -t2+b[d] -t +c[d] > L;[d] S T

For simplicity we do not explicitly include the thresholds and
3", but rather assume that these are accounted for in the nodesFigure 8: Tracks that conform to all of the constraints lie in
bounds. Thus we wish to find a vectat b, ¢) that satisfies all 1D the unshaded region of parameter space that is defined by the
constraints. It is important to note that these constraintsxaetly intersection of the constraint half-spaces.
the same ones that we would have to satisfy in order to check the
feasibility of a given set of observations. Specificaly,and 5"
define small bounding boxes centered on each of the observations
Thus, pruning a node in our tree search is an equivalent operation
to testing a set of observations under an exhaustive approach.

We can greatly reduce the complexity of the problem by treating
each dimension independently. This reduction is justified by the
following theorem:

with normal(t2,t,1). Note that the curve’s parametess I, andc)
define the parameter space while node’s boutfds, @ndh) define

the actual plane. Further, each constraint defines a partitioning of
parameter space into a half-space of feasible points, which lie on
one side of the hyper-plane, and a half-space of infeasible points,
which lie on the other. If the intersection of the feasible half-spaces
for all of the constraints is not empty, then there exists a track that

THEOREM 1. (a, b, ¢) is afeasible track if and only {@&i], bli], satisfies all of the constraints. An example with linear tracks and 6

cli]) satisfies the constraints in the ith dimension forlaff i < D. constraints is shown in Figure 8. The tracks that satisfy all of the
constraints occupy the unshaded region of parameter space.

PrROOF The proof of Theorem 1 follows from the independence Lo . -
In its simplest form, our search consists of checking the “cor-

of the constraints. For each dimensior 1 < D, we can create a R . ! > ’ .
ners” of the constraints for a feasible point. I€@alimensional pa-

set of constraints that only depend on the variabld§ b[d], and di ional h | X o
c[d]. These sets can be solved independently by choosing values.r""rg.eter SPacel' LWG |m|en5|onr?d yper-p alr|1e|sh|nterselct d il
for just those variables in the set. Since none of the other sets de-1)-dimensional hyper-plane ar@ non-parallel hyper-planes wi

pend on those variables, the tra@kb, c) is feasible if and only if intersect ata point. We call this point a corner. Since_the h.ypef'
(ai], bli],cli]) satisfies the constraints in tlig dimension for all planes define the boundary of the feasible region, this region is
1<i<D. O non-null if and only if one such corner exists and is feasible:

THEOREM 2. The intersection of M half-spaces defined by at
least C nonparallel C-dimensional hyper-planes is not empty if and
nly if there exists a poirnt such thatx is feasible and lies on at
east C hyper-planes.

Theorem 1 allows us to consider each dimension separately, re-
ducing the pruning query with\D constraints td® sub-queries of
2M constraints. Further, the separation means that each sub-quer
consists of significantly fewer variables. For example, in the case
of quadratic models each sub-query now consists of just 3 variables PROOF It is easy to see that if there exists a feasible track
instead of ®. then the intersection of thigl half-spaces is not empty regardless
Below we discuss a “smart brute force” search for answering the of wherex lies. Thus we only need to show that if the intersection
pruning queries. Although we restrict the discussion to the cases ofis not empty then there exists a feasible traduch thaix lies on
linear and quadratic models, the results and discussion can be apat leastC hyper-planes.
plied to models of other forms. However, the actual computational  Lety be an arbitrary feasible track, which by definition lies in the

cost of pruning will vary with the model complexity. intersection oM half-spaces. Assume thyaties onc < C nonpar-
allel boundary hyper-planes. Since thieyper-planes intersect at a
5.1 Brute Force Search C' = C - cdimensional hyper-plang,can be any feasible point on

We use a “smart brute force” search to test for the existence of thatC’-dimensional hyper-plane. Therefore we can mpve be a
a feasible point. It should be noted that the constraints above cannew pointy’ by slidingy along this hyper-plane until it intersects
also be checked using linear programming. Despite this, the low a new constraint. Such an intersection must exist because there are
number of variables and constraints and the existence of additionalat leastC nonparallel hyper-planes. Further, if we constrgito
structure in the problem makes the smart brute force search com-move to the intersecting hyper-plane that is closest (requires the
putationally attractive. least translation along th@&'-dimensional hyper-plane), then we

Before describing the search algorithm, it is helpful to get intu- do not cross any other hyper-planes ghdk still a feasible point.
ition for the procedure by interpreting each constraint as a hyper- Thusy’ is a feasible point that lies anv- 1 boundary hyper-planes.
plane in parameter space. For example, in the case of one dimenWe can continue to push the feasible point in this manner until it
sional quadratic tracks, the constraint for upper bolnd lies onC nonparallel hyper-planes. Thus if the intersection is not

2 empty then there exists a feasible tracsuch thai lies on at least
a-t+b-t+c<h ®) C hyper-planes. O

forms a plane in the 3-dimensional parameter sgade c):
P P Rads c) Theorem 2 does not require that the feasible region is fully en-

a-(t?)+b-(t)+c—h=0 (6) closed by the hyper-planes. Instead, it only requires that there ex-



Brute Force Search
Input: A set of current tree nodes.

1 1
1 1
Ouput: A Boolean indicating whether we can prune \ i h T
the search. ™ / i [
1. prune— TRUE IR « - <
2. FOR each dimensiagt AN £ / '
3. LetY be an empty set of constraint hyper-planes. ' ‘\( ,'5 N '
4. FOR each nodein the current set of nodes: vy " / !
5. Add the constraint hyper-plane f&is upper AN i N '
bound in dimensiod to Y. i i
6. Add the constraint hyper-plane fgs lower o o )
bound in dimensionl to Y. MIN MAX
7 FOR each set df nonparallel hyper-planes i
8. valid — TRUE Figure 10: We can check for feasibility along a line by checking
9. z + the point of intersection of thie the signed intersections of each constraint and the line.
hyper-planes
10. FOR each hyper-planyes Y
11 IFZzis not compatible witty At each level of the search, the constraints for the one tree node
12. valid+— FALSE that changed are tighter than at the previous levehis observa-
13. IF valid == TRUE tion follows from the fact that each time we split a node, the bounds
14. prune— FALSE of the children nodes are contained within the bounds of the parent
15. RETURN prune node. We can use this observation to limit the number of corners
that we need to check. Specifically, if the old point is not compati-
Figure 9: The brute force search for testing the feasibility of ble with a given new constraint then either the new set of constraints
a set of nodes. For each dimension we test all of the corners,  are not compatibler a new feasible point lies on a corner where
looking for one that is compatible with all of the constraints. one of the planes is the incompatible constraint:

THEOREM 3. If the feasible track from the previous level is not
compatible with a new constraint then either the new set of con-
ists at leas€ nonparallel hyper-planes. Under this condition there  straints is not compatibler a new feasible point lies on the plane
will be at least one corner to search and the theorem holds. If there gefined by the new constraint.
is only C' < C nonparallel hyper-planes then by the same reason-

ing the feasible region is non-empty if and onhaify point on the PROOF We prove this by showing that if the set of constraints
intersection of thos€’ nonparallel hyper-planes is feasible. is compatible and the feasible track from the previous lgvglnot

We can use Theorem 2 to define a brute force search for a feasiblecompatible with the new constraint then there exists a new feasible
point, shown in Figure 9. Specifically, we can test e@ctuple pointx’ that lies on the plane defined by the new constraint.yLet

of nonparallel hyper-planes and calculate the point of intersection. be any point in the new feasible region. Since the new constraint
We can then test whether this point is feasible, by testing it against is strictly tightery also lies in the previous feasible region. We can
each of the constraints. This search required G¢1)) operations: define a line segmeitbetweerx andy. Since the feasible regions
O(M) feasibility tests for each of the ®IC) corners. Below we are convex, all points oh lie within the feasible region from the
discuss how we can use the problem’s structure to reduce this costprevious level. Further, becausés not in the new feasible region,
Above we make the implicit assumption that the planes are not the line segment must intersect the hyper-plane defined by the new
all parallel or in another degenerate configuration. In general theseconstraint. This point of intersectionxs. [
additional cases can easily be handled as special cases. It is im-
portant to note though that many of the planes will have at least Theorem 3 indicates that we do not need to search all corners,
one corresponding parallel plane. Specifically, the upper and lower but rather only the corners that contain the infeasible constraint.
constraints for any node in any dimension form two parallel planes: Further, we can add new constraints one at a time and only do the
search if the previous point is not feasible. This reduces the cost of

a[d] 'ti§+ b[d] -t +c[d] < Hi[d] @ handling an infeasible point from ®C*1) to O(MC).
a[d] -t +b[d] -t +c[d] > Li[d] We can combine the search step and the checking steye we
. . can take advantage of the fact that witG-alimensional parameter
5.2 Usmg Structure in the Search spaceC — 1 nonparallel hyper-planes intersect at a line. Instead

In general the above brute force search is too expensive to beof searching all corners, we can search all lines. Then in order
used in pruning. We can mitigate this cost by exploiting structure to check feasibility (and find a specific feasible point) we can test

inherent in the tree search. the other constraints against that line. Each constraint will either be
At each level of the search, the constraints for all tree nodes parallel to the line, and can be checked directly, or will intersect the
except one are identical to the previous levdlhis observation line at a signed point on the line. We can examine all of these signed

follows from the fact that we are only splitting one node at each intersections, tracking the maximum in each direction and asking
level of the search. All of the other nodes and their bounds remain whetherany point on the line is feasible. An example is shown in
unchanged. Thus we can avoid the computation altogether if the Figure 10. This joint searching and checking step means that we
feasible track found at the previous level is compatible with the only need to check ®{€ 1) lines instead of NI€) corners.

few new constraints. We can cache the most recent feasible track By using the structure within the search we are able to reduce
and test it against the new constraints. If it remains compatible, we the cost of a pruning query from ®F*1) to OMC-1). While

do not need to resolve all of the constraints. this may not appear significant, for five time steps £ 5) these



Smart Brute Force Search
Input: Y - the previous set of constraint hyper-planes.
X - the previous feasible point.
Z - a set of new constraint hyper-planes.
Output: Y’ - the new set of constraint hyper-planes.
x' - the new feasible point (or NULL if
the no feasible point exists).

1. X «—x
2. Y'«Y
3. FOR each new constraint Z
4. Addzto Y’ replacing the corresponding constraint
5. IF X" is not compatible witlz
6. FOR each set df— 2 nonparallely € Y’
7. LetL be the line of intersection of the— 2 Figure 12: One approach to handling missing points is to treat
hyper-planes and “missing” as another tree node. Here the new tree is shown is a
8. valid — TRUE new root R’ and a missing node M.
9. FOR eacly € Y’ that is parallel td
10. IFL is not on the correct side gf
11. valid«— FALSE many trees are at the “missing” node, preventing such problems as
12. FOR eacly € Y’ that is not parallel td returning tracks without sufficient support. Here care must be taken
13. Compute the point and direction of to avoid adding subsets of valid tracks that have already been found.
intersection oL andy Finally, allowing too many missing points may greatly increase the
14. Letamin be the front most point of computational load by performing the search repeatedly.
Z}Le,:;iﬁzmzr planes pointing backwards 5.5 Unknown or Complex Models
15. Letamax be the front most point of The above discussion assumes that we have a known and rela-
intersection for planes pointing forwards. tively simple model. However in many domains, this may not be
along the lineL. the case. In the astronomy domain, the true tracks of the asteroids
16. IF (valid == TRUE)A (amin < Opmax) across the sky are not quadratic. For example, relative motion of
17. x" « the point alond- at (@wmN + dmax)/2 the earth may cause a track to undergo retrograde motion.
18. IF no new feasiblg’ was found A poor or unknown model can easily be approximated with a
19. x" « NULL simple model. However, this often requires a relatively short time
20. returnx’ andY’ span. Fortunately, this complements the track initiation query itself
where we are interested in finding a set of observations to indicate
Figure 11: The “smart” brute force search for testing the fea- the start of a track. If longer time spans are needed, it is possible

sibility of a set of nodes in one dimension. This search is called  to use the above algorithms to find short arcs that can then be glued
with the set of constraint hyper-planes Y and the feasible point together by a conventional tracking algorithm. Such an approach
x from the previous level. This search is run for each dimension was suggested by Shaw and Arnold [10].

at each level of the search.
6. EXPERIMENTS

improvements reduce the cost of each pruning query by a factor of 6.1 Algorlthms

25. The full pruning test is shown in Figure 11. In examining the performance of the multiple tree approach, we
. . compared the range of approaches from a sequential approach to a
5.3 Additional Constraints full multiple tree approach. Specifically, we used multiple tree al-

The above pruning methodology provides a simple and formal gorithms, denoted MT-1 through MT-M, with the following descent
way to provide additional constraints for the tracks. For example, rule (replacing line 5 of the algorithm in Figure 7):
we may wish to provide bounds on the minimum and maximum ac-
celerations that an object can undergo. These additional constraints
can be specified directly:

a[d] < a"AX[d]

8)

S gMIN ( _ _ _ _

ald] > 2™ (d] This rule runs a multiple tree algorithm on the fikdtees and then
and fit into the pruning algorithm without modification. This al- confirms the potential tracks by sequentially examining the remain-
lows the user to seamlessly provide potentially valuable domain der of the time steps.

MT-k : If at least one of the firsk trees is not at a
leaf, descend the tree in the fikshat owns the highest
number of points. Otherwise descend the earliest tree
that is not already at a leaf.

knowledge. Whenk = 1, this algorithm is a kind of sequential track initi-
" . ation algorithm that uses our feasibility constraints and KD-trees.
5.4 M|SS|ng Observations The algorithm descends the first tree until it reaches a leaf node.

Up to this point, our discussion has assumed that each objectlt then searches the second tree for points compatible with those in
produces one observatiewerytime step. There are several simple the first tree’s leaf node. The algorithm continues on in this manner,
approaches to handling missing observations. Perhaps the easiestearching subsequent trees, and thus subsequent time steps, look-
is to include “missing” as a single new node in the tree as shown in ing for points that are compatible with the tentative track. Pruning
Figure 12. Additional logic can be added to prune the search if too is only done in relation to whether the trees traversed so far allow a



valid track. It is important to note that this approach uses our fea-
sibility constraints and thus it is still an exact algorithm for finding
the desired linkages. Unlike many proposed sequential track initi-
ation algorithms, this rule does not try to fit a track to the first few
points and project this track ahead in time.

Table 1: The average number of pruning tests for simulated
quadratic tracks as the number of objects increases. These tss
use “fast” tracks: |b[d]| < 0.1 and |a[d]| < 0.05.

It is also important to note that all versions of this descent rule N EXH MT-1 MT-2 MT-3 MT-4
50 | 3.1x10° [ 29x10° 25x10° 2.3x10° 2.6x10°

use the same feasibility criteria. Thus all va_ria'tions are exact algo- 100 | 1.0x10° | 76 x10F 6.9x10° 62x10° 8.4 x10°
rithms and will return the same set of associations. _ 500 | 3.1x103 | 1.1x10° 1.0x10° 84x10° 1.5x1CP
In the below experiments the KD-trees for all of the algorlthms 1000 | 1.0x10% | 4.7x10° 45x10° 3.3x10P 5.8x1CP
were constructed in an identical manor. The points were recursively | 5000 | 3.1 x10' | 2.6 x107 2.6x10° 2.1x10° 2.2x10°
partitioned by splitting on the midpoint of the widest dimension.
The partitioning continued until a node had only one point or its
bounding box had zero width. The decision to build the tree down
to a single point per leaf arises naturally from the fact that our prun- ] ]
ing criteria is identical to the feasibility test and that we are able to Table 2: The average number of pruning tests for simulated
exploit structure from the recursive nature of the search to accel- quadratic tracks as the number of objects increases. These tiss
erate the feasibility test. Specifically, it should be noted that the USe “slow” tracks: |b[d]| < 0.01and [a[d]| < 0.005
pruning test for a set of leaf nodes exactly answers the feasibility

test for the points owned by these leaf nodes. N EXH MT-1 MT-2 MT-3 MT-4
P y 50 | 3.1x10° [ 25x10° 21x10° 1.7x10¢° 1.4x1C

. 100 | 1.0x10% | 5.7x10° 4.8x10° 4.0x10° 3.3x10°

6.2 Simulated Data 500 | 31x1013 | 39x10° 3.2x10° 26x10° 2.2x10°
For the first set of experiments we used observations generated| 1000 | 1.0x10" | 8.7x10* 7.2x10" 6.0x10° 5.4x10*

from artificial tracks in order to examine the algorithms’ relative | 5000 | 3.1x10%® | 6.1x10° 5.2x10° 42x10° 4.9x10°

performance under a variety of conditions. The data was generated

by first creating\ artificial quadratic tracks:

a~ uniform(—amin, avax) 6.2.2 Effect of the Gap Between Observations

b~ un.lform(fbM'N’bMAX) ©) Without an initial estimate of velocity or acceleration, the time
¢ ~ uniform(0, 1) : S i
between observations may significantly affect performance. If ei-
ther the movements or the temporal gaps are small, then the next
oint on the track will often be close to the location of the last point
even without accounting for the movement. As the gaps or veloc-
ities increase we may have to tnyanyneighbors at the next time
step to find the true neighbor. We would expect to see an increased
= [d]t2+bi [dit+cd]+evd:1<d<D (10) benefit from using multiple trees as the velocity or time between
observations increases. To test this, we generated artificial linear
tracks with a fixed range of velocities-0.1 < b[d] < 0.1) and in-
creased the spacing in time of the observations. The results are
shown in Table 3.

Table 3 shows one of the primary benefits of the multiple tree
approach. As the gap in time increases, the number of pairs of ob-
servations in the first two time steps that comply with the velocity
constraints increases. The use of three trees prevents us from hav-
ing to examine many of these pairs by incorporating information
from later time steps. However, after three trees the association is
relatively well confirmed and additional trees do not help.

The bounds on velocity and acceleration were included as con-
straints on feasible tracks. Observations were then generated b
sampling the tracks at each time step

1
xi[d] = >
wheree was drawn uniformly fron{s“[d],"[d]] for all d. In the
below experiments'[d] = —0.01 andd" [d] = 0.01.

Below we describe the relative performance of the descent rules.
Again, it is important to note that the MT-1 descent rule is effec-
tively a sequential algorithm with our feasibility criteria and with
KD-trees. In addition, we computed the cost that would be incurred
by an exhaustive algorithnEXH) that considers alM-tuples of
observations.

6.2.1 Effect of the Number of Objects

The primary factor that we would expect to influence the per-
formance of the algorithms is the number of objects. We varied
the number of objects from 50 to 5000 and compared the number Table 3: Average number of pruning tests (in millions) for lin-
of pruning tests. The average results over 30 trials are shown inear models (yax[d] = 0.1vd > 1) with 5000 observations at
Table 1. As shown, MT-3 consistently outperforms the other algo- 5 times with varied spacing. Note that an exhaustive algorithm
rithms. would have required 3.125x 108 tests regardless of the spacing

Unfortunately, the performance benefit is largely offset by the in time.
increased density of points. The high density of points means that

there are less empty regions of space and thus less pruning is done At | MT-1 MT-2 MT-3 MT-4 MT-5

because more of the initial associations appear feasible. The ef- 001 052 042 032 023 015
fect of density is illustrated in Table 2. This table shows the same 0.05| 058 049 039 039 044
experiment as Table 1, but with “slower” tracks. The decrease in 0.10| 0.v6 067 049 060 086
maximum velocity and acceleration effectively reduces the density 050 530 575 197 395 818
of the points relative to their motion. As shown this change aids all 1002080 20.60 5.52 11.30 22.70

algorithms, but especially helps the multiple tree algorithms.



Table 4: The number of pruning tests (in millions) for the as-
tronomy data with various numbers of time steps.

Times| MT-1 MT-2 MT-3 MT4
4 232.38 232.30 213.40 108.10
5 69.19 69.11 58.17  38.7|7
6 2893 2886 2191 19.68

6.2.3 Comments and Discussion

It is interesting to note that while the use of multiple trees can
provide a computational benefit, as the number of trees grows this
benefit may be negated or even turn into a detriment. For example,

the experiments in Section 6.2.1 and Section 6.2.2 show a superior,

performance of MT-3 relative to MT-4. The use of multiple trees
provides a trade off between providing additional pruning informa-
tion from later time steps and introducing a higher branching factor
to the search. More trees at later time steps introduce more oppor-
tunities for “wrong turns” in the search and require a deeper search
to limit the regions covered by each node. It is our current belief
that this effect accounts for MT-3's relative performance. The use
of three trees provides enough information to estimate and initially
confirm a track, without forcing us to backtrack the search to test
many further support points. In general, we would expect the opti-
mal number of trees to depend on both the complexity of the track
model and the distribution of the data. This effect has interesting
implications for multiple tree algorithms and we are continuing to
examine it as future research.

6.3 Astronomy Data

We also examined simulated data from the astronomy domain in
order to test whether this algorithm provides a benefit on objects
of the distribution of real asteroids. Specifically, we simulated or-
bits for approximately 1,000,000 main belt asteroids and 1,800 near

earth objects. These orbits were then approximated by a quadratic

model over a period of 16 nights and observations were generated
from this model. Each observation consisted of two components,
right ascension and declination, that gave the object’s projected lo-

from both the feasibility problem and the search itself. Empiri-
cally, this algorithm performed very well on several simulated data
sets, outperforming an exact adaptation of conventional multiple
hypothesis tracking.

The true advantages of the multiple tree algorithm are its ability
to use information from later time steps to aid in pruning decisions
at earlier time steps and to avoid repeated work over similar sets of
points. For example, an exhaustive method that does not account
for this information may tryeverypair of observations from the first
two time steps when using a quadratic model. The additional prun-
ing information afforded by the use of multiple trees can become
even more significant as the time between observations increases
and bounds on model parameters (such as maximum velocity) be-
come weaker.
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