
Errors Analysis & Statistics

Muchof thefollowingdiscussionis takenfrom
thereferenceslistedat theendof thenotes.How-
ever, thediscussionhasbeensimplifiedfor a non-
calculusbasedpresentation.

1 Measurement Errors

Errors are a fact of life when making scientific
measurements.By definition an error is the dif-
ferencebetweenthe measuredvalueandthe true
value. Of course,we don’t know what the true
value is in advance. Below are a few important
definitionsto keepin mind:� accuracy – how closea resultcomesto the

truevalue� precision – measureof how exactlya result
is determined.� systematic error – causedby bias,or faulty
calibration.Not addressableby statistics.� random error – causedby fluctuationsin
theobservations.Precisionisoftenincreased
by increasingthenumberof observationsto
statistically decreasethe value of the ran-
domerrors.

2 Distributions

If we make a measurement,we expect that the
measurementwill be approximately(but not ex-
actly) equalto the true value. If we make a very
largenumberof measurements,somewill belarger
andsomesmallerthanthe true value. If we took
an infinite numberof measurements,they would
bedistributedaboutthetruevalue.A distribution
defineshow they will bedistributed.� Binomial Distribution – Thebinomialdis-

tributionspecifiesthenumberof times� that
aneventoccursin � independenttrialswhere� is theprobabilityof theeventoccurringin
asingletrial.

� Poisson Distribution – This approximates
thebinomialdistribution in thespecialcase
of small numberstatistics– i.e. when the
averagenumberof successesis very much
smallerthanthepossiblenumber. Examples
of whento usethis would be in radioactive
decayexperiments.� Gaussian Distribution – Whenmany inde-
pendentrandomfactorsact in an additive
mannerto createvariability, datawill follow
a bell-shapeddistribution called the Gaus-
siandistribution. This distribution is some-
timesalsocalleda Normaldistribution. Al-
thoughnodatafollowsthisidealmathemati-
caldistribution,many kindsof datafollow a
distribution that is approximatelyGaussian.
Mathematically, theGaussiandistributionis
an approximationto the binomial distribu-
tion wherethenumberof possibledifferent
observationsbecomeslarge.

Figure 1: GaussianDistribution. Full width of
curveat half maximum,� = 2.355 � .

Themathematicalform of theGaussiandis-
tribution is:���
	 �� � 
���� � ����� �
�� � ���� ����� (1)

where � is the meanof the parentpopula-
tion, and � is thestandarddeviation.

���
is

the probability of a particularvalueoccur-
ring.
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2.1 Distribution Properties� The Mean – The meanis the sum of the
measurementsdividedby thenumberof mea-
surements.Mathematically: !#" $% &' (*),+ ! ( " $% ' ! ( (2)� Standard Deviation – This is a measureof
the dispersionof the expectedobservations
aboutthemean.- "/. $%10 $ ' 2 ! ( 0  !4365 (3)

Thisvaluecharacterizestheuncertaintiesas-
sociatedwith the experimentalattemptsto
measurethetruevalue.Asanempiricalrule,
68%of themeasurementswill fall within 1-- of the mean,95% of the measurements
fall within 2-- of themeanand99.7%of the
measurementsfall within 3-- of themean.� Median – This is thevaluefor which in the
limit of an infinite numberof observations,
half of themwill belessthanthemedianand
half will begreater. For a symmetricdistri-
bution, suchasa Gaussiandistribution, this
is equalto themean.For anasymmetricdis-
tribution, themedianis usuallybetweenthe
meanandmostprobablevalue.� Most probable value – Thevaluefor which
theparentdistributionhasits greatestvalue.
For asymmetricdistribution,this is equalto
themean.

3 Propagation of Errors

We needto take accountof how theuncertainties
in our measurementswill affect otherparameters.
Thederivationsof thespecificformulasbelow re-
quirecalculus,sowewill notderivethemin class.
However, if you wish, you could verify that the
formulasactuallywork, but testingthemwith ac-
tualnumbers,! , andthenre-runningthetestusing!87 - and ! 0 - for input.

!9";:=<?>A@CB - 5D "E: 5 - 5F 7G@ 5 - 5H!9"E>I:J<KB LNMOD M "PLNMQF M 7RLSMTH M!9"E>9U FH LNMOD M "PLNMQF M 7RLSMTH M!9";:=<WVYX L OD "E@ L QF!9";:JZ[VYX F L OD "E@ - F!9";:J\^] 2 >I@C<,3 - D "E: L QF\`_[a 2 !,3b";< - D " +cedgfihkj�lnmpo D L Q "Eqsrutwvwt�! - F� Weighted mean –Thedefinitionof themean
valuegiven before,assumedthat all of the
errorsof the measurementswerethe same.
However, this is often not the case. In this
caseonewould have to go throughthe for-
mal propagationof the errorsin addingup
all the dataanddividing by the numberof
points.  !#"yx 2 ! ({z - 5( 3x 2 $ z - 5( (4)� Error of the Mean –- 5 |D " $x 2 $ z - 5( 3 (5)

4 Least Squares Fit

If our dataconsistof pairsof measurementsof an
independentvariable ! anda dependentvariable,} andwewantto fit thedatawith astraightline (a
goodexamplemight be to fit an extinction curve
of Airmassversusmagnitude)in theform:}8"~:�7�@�! (6)

theapproachwouldbeto pick theoptimumvalues
of : and @ to minimizethedifferencebetweenthe
measurements} ( and the calculatedvaluesfrom}8"E:�7�@�! ( . In otherwords,wewant' � } ( " '�2 } ( 0 : 0 @�! ( 3 (7)

to be as small as possible. However, addingup
thedifferencesis not a goodway to do this, since
someof the differenceswill be negative andoth-
erswill be positive andwould cancelout. To get
the real deviation, we sumover the squareof the
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differences,weightedby the standarddeviations.
Thisdeviation is calledthechi-squaredvalue, ��� :
� ����� �W�?���� ��� � �E� ���� ���� ���K�������C���`� � � (8)

In this classwe won’t derive the final formulae
for the coefficients � and � becausethis involves
calculus,ratherwe will just presentthe results.
(However, for thoseof you taking calculus,the
minimizationis doneby takingthepartialderiva-
tiveof � � with respectto � andto � andsettingthis
partialderivativeto zero,thensolvingfor aandb.)
Taking accountthe possibleunevenerrorson the
measurements,the solutionsfor the leastsquares
fit to astraightline areasfollows:

� � ��¢¡ � � ��� �� � ���� �� � � ���� �� � ���£���� ��¥¤ (9)

� � ��¢¡ � �� �� � ���^���� �� � � ���� �� � ���� �� ¤ (10)

where

� � � �� �� � � ��� �� � ¡ � ���� ��¦¤ � (11)

5 Signal to Noise

Scientistsoften usea quantity called the signal-
to-noise ratio ( §©¨Sª ) asa quantitative measureof
theaccuracy of a measurmentor observation. By
definition this is the ratio of the signal (or mean
observation)dividedby thenoise,or standardde-
viation of anobservation.Oftenin astronomy, we
areworking in theregimeof Poissonstatisticsbe-
causewe arecapturingonly someof the photons
from a very distantsource.For Poissonstatistics
thestandarddeviation of a singlemeasurementis
equalto thetotal numberof counts.

For a real astronomicalobservation onemust
take into accountthefact that thestaris observed
on top of a sky backgroundwhich will have an
associatederrorin its measurement.TheS/Nratio
of anobservationfor aphotometeris:

§ª � «¬�­® ­ � «¬ �°¯ § � (12)

whereĊ is the count rate in counts/sec,
­

is the
integrationtime, § is thesky countratein counts
/ sec/ areaand ¯ is theareaof sky overwhich the
observationwasmade.Note,abrightnessperunit
areais calleda surface brightness.

If insteadthis measurementwas madeusing
a CCD camera,there is an additionalsourceof
noise, which is not governedby Poissonstatis-
tics. This is the readout noiseof the CCD. For
a CCD observation, the S/N of the final observa-
tion is givenby:§ª � «¬�­® ± ª �C²´³ ­ � «¬ ��¯ § � (13)

where
± ª is thereadnoiseperpixel of theCCD

and ² is thenumberof pixels.

Figure2: Imagesof a galaxywith 1 sec,10 sec,
100 sec and 1000 secexposures. Figuresfrom
MichaelNewberry, Sky & Telescopye Magazine.
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