ErrorsAnalysis & Statistics

Muchof thefollowing discussions takenfrom
thereferencedisted at the endof the notes.How-
ever, thediscussiorhasbeensimplifiedfor anon-
calculusbasedpresentation.

1 Measurement Errors

Errors are a fact of life when making scientific
measurementsBYy definition an error is the dif-

ferencebetweenthe measuredrialueandthe true
value. Of course,we don't know what the true
valueis in adwance. Below are a few important
definitionsto keepin mind:

e accuracy — how closearesultcomesto the
truevalue

precision — measuref how exactly aresult
is determined.

systematic error —causedy bias,or faulty
calibration.Not addressablby statistics.

random error — causedby fluctuationsin
theobsenations.Precisioris oftenincreased
by increasinghe numberof obsenationsto
statistically decreasehe value of the ran-
domerrors.

2 Distributions

If we make a measurementye expect that the
measuremenwill be approximately(but not ex-
actly) equalto the true value. If we make a very
largenumberof measurementspmewill belarger
andsomesmallerthanthe true value. If we took
an infinite numberof measurementshey would
bedistributedaboutthetruevalue.A distribution
defineshow they will bedistributed.

¢ Binomial Distribution — The binomialdis-
tributionspecifiethenumberof timesz that
aneventoccursn n independentrialswhere
p is the probability of the eventoccurringin
asingletrial.

e Poisson Distribution — This approximates
the binomialdistribution in the specialcase
of small numberstatistics— i.e. whenthe
averagenumberof successess very much
smallerthanthepossiblenumber Examples
of whento usethis would be in radioactve
decayexperiments.

Gaussian Distribution —Whenmary inde-
pendentrandomfactorsact in an additve
mannetto createvariability, datawill follow
a bell-shapedistribution called the Gaus-
siandistribution. This distribution is some-
timesalsocalleda Normaldistribution. Al-
thoughnodatafollowsthisidealmathemati-
caldistribution, mary kindsof datafollow a
distribution thatis approximatelyGaussian.
Mathematicallythe Gaussiaristributionis
an approximationto the binomial distribu-
tion wherethe numberof possibledifferent
obsenationsbecomedarge.
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Figure 1: GaussianDistribution. Full width of
curve at half maximum,I" = 2.355¢.

Themathematicaform of the Gaussiardis-

tributionis:
w5 (58] @

where p is the meanof the parentpopula-
tion, ando is the standarddeviation. Py is
the probability of a particularvalue occur
ring.
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2.1 Distribution Properties
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We needto take accountof how the uncertainties ¥
in our measurementwill affectotherparameters.
Thederivationsof the specificformulasbelow re-
quirecalculus,sowewill notderivethemin class.

e The Mean — The meanis thesumof the z=auz+bv o2 = a?02 + b?0?
measurementdividedby thenumbernfmea- 4 = +quw ‘;_ajv - i_it + g_j
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Standard Deviation — Thisis a measuref

the dispersionof the expectedobsenations e Weighted mean —Thedefinitionof themean

aboutthemean. value given before,assumedhat all of the
errorsof the measurementeerethe same.

. However, this is often not the case. In this

7= \/N 7 — 1) (3) caseonewould have to go throughthe for-

Thisvaluecharacterizegheuncertaintiesis-
sociatedwith the experimentalattemptsto
measurehetruevalue.As anempiricalrule,
68% of themeasurementsill fall within 1-

o of the mean,95% of the measurements

fall within 2-0 of themeanand99.7%of the
measurement&ll within 3-0 of themean.

Median — Thisis thevaluefor whichin the
limit of aninfinite numberof obsenations,

mal propagationof the errorsin addingup
all the dataand dividing by the numberof
points.
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half of themwill belessthanthemedianand
half will be greater For a symmetricdistri-
bution, suchasa Gaussiardistribution, this
is equalto themean.For anasymmetriais-
tribution, the medianis usuallybetweerthe
meanandmostprobablevalue.

4 Least SquaresFit

If our dataconsistof pairsof measurementsf an
independenvariablez anda dependenvariable,
y andwe wantto fit the datawith a straightline (a
Most probable value—Thevaluefor which goodexamplemight be to fit an extinction curve
the parentdistribution hasits greatesvalue. 0f Airmassversusmagnitude)n theform:

For asymmetricdistribution, thisis equalto

themean. y=a+bx (6)

theapproactwould beto pick theoptimumvalues
of a andb to minimize the differencebetweerthe
measurements; and the calculatedvaluesfrom
= a + bx;. In otherwords,we want

> Ayi= (yi—a—bx) (7)

to be as small as possible. However, addingup

Propagation of Errors

However, if you wish, you could verify that the thedifferencess notagoodway to do this, since
formulasactuallywork, but testingthemwith ac- someof the differenceswill be negative andoth-
tualnumbersy, andthenre-runningthetestusing erswill be positive andwould cancelout. To get

x + o andxz — o for input.

the real deviation, we sumover the squareof the



differencesweightedby the standarddeviations.
This deviationiis calledthe chi-squared/alue, x:
(yi —a— bl‘i)Q]
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In this classwe won't derive the final formulae
for the coeficientsa andb becausehis involves
calculus, ratherwe will just presentthe results.
(However, for thoseof you taking calculus,the
minimizationis doneby takingthe partialderva-
tive of x? with respecto ¢ andto b andsettingthis
partialderivativeto zero,thensolvingfor aandb.)
Taking accountthe possibleuneven errorson the
measurementshe solutionsfor the leastsquares
fit to a straightline areasfollows:
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5 Signal to Noise

Scientistsoften use a quantity called the signal-
to-noise ratio (S/N) asa quantitatve measureof
theaccurag of ameasurmenor obsenation. By
definition this is the ratio of the signal (or mean
obsenation) divided by the noise,or standardie-
viation of anobsenation. Oftenin astronomywe
areworkingin theregime of Poissorstatisticshe-
causewe are capturingonly someof the photons
from a very distantsource. For Poissonstatistics
the standarddeviation of a singlemeasuremens
equalto thetotal numberof counts.

For a real astronomicabbsenation one must
take into accountthe factthatthe staris obsened
on top of a sky backgroundwhich will have an
associateerrorin its measuremeniChe S/N ratio
of anobsenationfor a photometers:

Ct

—— (12)
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whereC is the countratein counts/sect is the
integrationtime, S is the sky countratein counts
/ sec/ areaandA is theareaof sky overwhichthe
obsenationwasmade.Note,a brightnesgperunit
areais calleda surface brightness.

If insteadthis measuremenivas madeusing
a CCD camera,thereis an additional sourceof
noise, which is not governedby Poissonstatis-
tics. This is the readout noiseof the CCD. For
a CCD obsenation, the S/N of the final obsena-
tion is givenby:

5 Ct
N /RN +1(C — AS)

whereRN is thereadnoiseper pixel of the CCD
andn is thenumberof pixels.
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Figure2: Imagesof a galaxywith 1 sec,10 sec,
100 secand 1000 sec exposures. Figuresfrom
MichaelNewberry, Sky & Telescopye Magazine.
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