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Abstract

Subsurface water ice on Mars evolves due to exchange of vapor with the atmosphere, in the form of loss of ice
to the atmosphere or in the form of the growth of interstitial ice. Described here is an accelerated numerical
method for the long-term evolution of subsurface ice. This accelerated method is five orders of magnitude
faster than explicit vapor transport calculations, enabling fundamentally new types of climate models. Its
speed matches that of purely thermal models. The speedup is achieved primarily by solving time-averaged
equations for vapor transport and ice volume change. Processes incorporated are growth of interstitial pore
ice, retreat of pore ice, retreat of an ice sheet, and retreat of pore ice due to geothermal heating from below.
Two example applications illustrate this numerical method’s capabilities. Near the permafrost margin at 55
degrees latitude, ice is periodically depleted and slowly recharged, leading to a pore ice layer estimated to
be currently no more than a few meters thick. At the Phoenix Landing Site, it shows the formation of a

three layered structure, whereby the layer of pore ice can be very thin.

1. Introduction

Subsurface ice buried by a layer of dry soil is found
at the Phoenix Landing site (Smith et al., 2009;
Mellon et al., 2009; Sizemore et al., 2010) and over
a significant part of Mars’ surface (Boynton et al.,
2002; Feldman et al., 2002; Mitrofanov et al., 2002).
This ice rapidly exchanges vapor with the atmosphere
(e.g., Mellon and Jakosky, 1993; Hudson et al., 2007).
It represents a significant portion of the volatile ice
volume on Mars globally, and it is thus an important
component of long-term climate models that follow
orbital variations.

Numerous authors (e.g., Flasar and Goody, 1976;
Jakosky, 1983; Mellon and Jakosky, 1993, 1995;
Schorghofer and Aharonson, 2005) have used diffu-
sion models to study the interaction between atmo-
spheric water vapor and ground ice. These compu-
tations involved diffusion of water vapor through the
soil, sublimation from ice to vapor and vice versa, and
some of these models also include physical adsorption
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of HyO on the soil. The models are either based on
a continuum description of vapor transport in form
of a partial differential equation (e.g., Mellon and
Jakosky, 1993; Schorghofer and Aharonson, 2005) or
use discrete molecules (Clifford and Hillel, 1986; Mel-
lon and Jakosky, 1993; Helbert and Benkhoff, 2003).
Both types of models are capable of simulating Knud-
sen as well as Fickian diffusion, that is, the molecular
mean free path can be longer or shorter than the pore
size.

It is well-known that explicit numerical methods
for the diffusion equation are subject to numerical
stability requirements; the typical time step require-
ment is (e.g., Ames, 1992; Press et al., 1992)

AZ?
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where Az is the vertical spatial resolution and D the
diffusion coefficient. The vertical grid spacing needs
to be finer than the diurnal skin depth of the tem-
perature cycle. The diurnal skin depth is typically
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a few centimeters to a decimeter on Mars. (This is
a conservative estimate; physical adsorption of water
molecules on the soil surface can restrict the breath-
ing skin depth to much less than the thermal skin
depth.) The diffusion coefficient has been measured
in the laboratory for numerous Mars soil simulants
(Hudson et al., 2007; Chevrier et al., 2007; Sizemore
and Mellon, 2008; Hudson and Aharonson, 2008); it
is typically D ~ 4 x 10~* m?/s. Thus, the time step
needs to be smaller than ~ 0.012/(2 x 4 x 107%) ~
0.1 s. This is a serious practical impediment for com-
putations of ice evolution over long periods of Mars
history.

Thermal models, which solve the heat conduction
equation in the subsurface, can take advantage of im-
plicit or semi-implicit numerical methods, such as the
Crank-Nicholson method. In this case, the time step
is only restricted by the requirement that the diurnal
cycle be accurately resolved and may be tens of min-
utes (~ 10 s). A vapor diffusion model, on the other
hand, is intrinsically nonlinear, because of the phase
transitions, and implicit methods can no longer be
used. Hence, a vapor diffusion model is four orders
of magnitude slower than a thermal model.

The key idea to overcome this limitation is
the use of time-averaged transport equations (e.g.
Schorghofer, 2007b). This method and its implemen-
tation are the subject of the present article. It was
first used in Schorghofer (2007a) and is here devel-
oped further and described in detail. Before embark-
ing on the mathematical description, Figure 1 shows
a comparison between simulations of pore ice growth
with a full microphysical model (Schorghofer and
Aharonson, 2005) and the faster method described
here. It shows the growth of interstitial pore ice after
50,000 years using an explicit vapor diffusion calcu-
lation and, for comparison, the solution of the time-
averaged equation. The fast method does not repro-
duce seasonal subsurface frost, but correctly predicts
the amount of perennial pore ice.

“Pore ice” refers to the ice within soil pores. Equiv-
alently this layer may be described as ice-cemented
soil, interstitial ice, or “icy dirt”. “Ice sheet” refers
to pure or almost pure ice; it may also be thought of
as “dirty ice”. “Excess ice” is the volume of ice in
the ground which exceeds the total pore volume that
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Figure 1: Model calculations where vapor from the atmosphere
diffuses into the subsurface to form pore ice. Shown is the
amount of pore ice after 50 ka as a function of depth below the
surface, beginning with initially ice-free soil. The solid line is
obtained from an explicit microphysical model, and the dash
line from the accelerated numerical method. The fast method
does not reproduce seasonal subsurface ice, but correctly pre-
dicts the amount of perennial ice. (An unrealistically small
soil diffusivity was chosen to relax the time step requirement
for the explicit model; thus the unrealistically small amount of
ice after such a long time.)

the ground would have when ice-free. Upon loss of
the ice, a soil containing excess ice settles under its
own weight (van Everdingen, 1998). As used here, a
layer of pore ice has no excess ice, while the ice sheet
consists of a large portion of excess ice. Retreating
pore ice leaves the soil matrix unchanged, while for a
retreating ice sheet the overlying dry layer thickness
grows more slowly, if at all. An ice sheet may form
from precipitated snow and may be buried by its own
sublimation lag, but other formation mechanisms are
not excluded.

The evolution of subsurface ice involves one or the
other of the following three processes: retreat of an
ice sheet, retreat of pore ice, and the growth of pore
ice. Every process involved needs to be treated with
an accelerated method. The growth of an ice sheet
(formation of excess ice) is not included, but an ice
sheet can enter the calculation as initial condition.
Figure 2 schematically shows the layering in the sub-
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Figure 2: Schematic illustration of the vertical layering. The
surface is at z = 0. The pore ice occupies depths either (a)
from the interface depth z; to a geothermally limited depth zg4
or (b) from z; to the depth of an ice table 2.

surface in two situations. (a) In the absence of an ice
sheet, pore ice extends from a depth z; to the lower
boundary of the numerical domain or until geother-
mal heat from below stops downward migration of
H30. (b) An ice sheet underlies the soil.

The numerical grid is one-dimensional (vertical)
and the same as for the underlying thermal model. It
can have irregular grid spacing but is constant with
time. Repeatedly used symbols are listed in Table 1.
Time-averages are indicated with an overbar.

2. Growth of Interstitial Ice

When climate conditions are conducive to the sta-
bility of ice and the soil is permeable, ice will form in
pore spaces by deposition of atmospheric water va-
por. This has been predicted theoretically by Mellon
and Jakosky (1993) and reproduced in laboratory ex-
periments by Hudson et al. (2009). Among the vari-
ables that describe this process are the volumetric
fraction f to which pore spaces are filled with ice,
0 < f < 1, the diffusion coefficient in the ice-free
porous medium Dgp,, and the (mean annual) satura-
tion vapor density ps,. The relation between filling
fraction and the ice density o, relative to total vol-
ume, is

o
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2.1. Location of interface during growth

Detailed numerical model calculations by
Schorghofer and Aharonson (2005) and labora-
tory experiments by Hudson et al. (2009) have
shown that condensation of atmospherically derived
ice in soil pores leads to accumulation of ground ice
below a sharply defined interface. The depth z; of
this interface can be determined as follows.

The vapor flux between the surface and the inter-
face is,

_ Dsv(2i) — p(0
Jaey = —Day? (2:) = p(0).

2
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where p(0) is the mean annual water vapor density
on the surface. Below the interface, the diffusive flux
is governed by the saturation vapor pressure,

T 8/_)51;
Jsat = _D(icy layer) W .

(4)
The diffusion coefficient in the icy layer depends on
the filling fraction and may be written in terms of an
obstruction function 7, such that

(5)

where n(z) can vary between 0 and 1. The simplest
form of 7 is to take 1 —n proportional to the ice filling
fraction f, but a quadratic dependence, n = (1— f)?,
more closely agrees with laboratory measurements
(Hudson et al., 2009). Because 1 changes little within
one Mars year, it can be taken outside the time av-
erage.

Under conditions conducive to the growth of ice,
the interface to a partially filled icy layer moves with
time. Figure 3 illustrates the growth of ice over a
short time interval. The flux through the dry layer
has to supply the flux from the interface downward
plus mass associated with any upward movement of
the interface,

D(icy layer) — nDdP’

— — le

Jary (21) = Jsa(21) — o(21) = (6)
t

Here, dz;/dt represents the speed of the interface,

which is negative for upward movement if downward

flux is positive. The use of o(z;) in this equation,



Dg,  diffusion coefficient in ice-free porous medium
J vapor (mass) flux
T temperature
f fraction of pore space filled with ice
t time
tT.eqr time for thermal model to equilibrate

Zg geothermally limited depth of pore ice

Z depth to pore-ice/dry soil interface
Zmax domain depth

2t depth to ice sheet

Atp  (big) time step for ice evolution
Atr time step in thermal model
Atexpl.  time step for explicit numerical scheme
P porosity of dry soil
D) (volumetric) ice content of ice sheet
n constriction of vapor flux by pore ice
p water vapor density
pice  density of bulk ice, ~ 927 kg/m?
Psv saturation vapor density of HoO
o density of ice relative to total volume

(of water vapor)

(unitless, 0 < f <1 for pore ice)

(typically ten or more Mars years)

(typically 10-20 m)

(typically tens to hundreds of years)
(typically tens of minutes)
(typically a fraction of a second)
(unitless, typically ®g ~ 0.4)
(unitless, g < Py < 1)
(unitless, 0 <n <1)
(mass density)

(mass density)

(mass density)

(mass density, 0 < 0 < pice)

Table 1: Frequently used variables

rather than a lesser amount, is based on the assump-
tion that the interface is infinitesimally thin even
when it is moving.
Equations (3) to (6) lead to
psv(zi) - [)(O) - ) Opsv _
P = n(z:) 92 + f(2i)

7
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It is convenient to define the constant
deAtB

B = .
Do pice

(8)

Practically, the interface is often very close to the
equilibrium depth and moves only slowly, such that
the mass used to fill the volume between the interface
and the equilibrium depth is much smaller than the
ice mass that fills the deeper pore spaces. Hence,
the rightmost term in eq. (6) is typically negligible.
Even in the earliest phase of ice formation in initially
dry soil, the term odz;/dt is found to be negligible
compared to Ju already after one time step.

With this approximation, the interface is located
where the flux through the dry layer, eq. (3), equals

equilibrium

Depth z

Ice density o

Figure 3: Illustration of ice content profile at times ¢ and t+dt
(solid lines) as well as the equilibrium profile (dash line).



the flux at the top of the icy layer, eq. (4),
psv(2i) — p(0) 7 ) Opsy
2 = (=) 0z |,

Zi

(9)

Equation (9) determines the depth of the interface
z;. When pore spaces are completely filled with ice,
n = 0, the equation reduces to the equilibrium con-
dition psy(z;) = p(0), and the flux vanishes. When
ice is stable but the pores are free of ice, n = 1, the
interface is deeper than the equilibrium depth, and
the flux is inward.

Equation (9) is solved numerically for z;. This is
done by computing the time averaged saturation va-
por densities at every grid point ps,(z), the time av-
eraged vapor density on the surface p(0), numerical
differentiation of the right-hand side in eq. (9), evalu-
ation of the equality from the surface downward until
the balance reverses, and linear interpolation in the
spatial interval that brackets the root.

Figure 4 illustrates the equilibrium depth z.q, in-
terface depth z;, and the lower boundary z, due to
geothermal heat discussed below. All of these three
depths change with ice content. The equilibrium
depth zeq is not actively used in the calculation and
is only diagnostic. The ultimate equilibrium depth is
different from the equilibrium depth for a given ice
content.

2.2. Rate of pore ice accumulation

Below the interface, the growth of ice within par-
tially filled pores is governed by eq. (4) and the equa-
tion for local mass conservation,

% + ajsat
ot 0z
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Combined with eq. (5),

do D OPse
ot " os (”de—az ) '

Simple forward time differencing yields
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Figure 4: Vertical profiles of Opsy /07 (dash line) and (psv (2) —
p(0))/z (solid line) from realistic Mars subsurface temperatures
at 60°N. Three special depths are marked: zeq the (instanta-
neous) equilibrium depth, z; interface depth, and z, geother-
mally caused bottom. In this example, ice is stable but the soil
is ice-free. All three of these depths migrate with changing ice
content.

or in terms of f,

1) _ pm) | g9 ( 3ﬁsv)
/ = Baz oz
An upper index in parentheses refers to the time step.

The temperature dependence of Dy, is small com-
pared to the exponential temperature dependence of
Psv- This justifies moving Dqp, outside of the deriva-
tive in eq. (11). Technically, only the correlation be-
tween the gradient of Dy, and the gradient of pg,
needs to be neglected. The equation then uses the
time-averaged value of Dgqp,, which is further approx-
imated by Dqp, at average temperature.

The evaluation of the spatial derivatives requires
special treatment, because 7 is discontinuous at the
interface. This problem is solved by using a one-sided
derivative for the first grid-point below an interface.

Equation (11) becomes
0?Dsv
+n 9.2 > .

oo 877 8psv

— =Dgp | =
ot Jz 0z

A finite-difference approximation for 9n/dz near a

jump discontinuity is sought.

(n)

(13)

(14)
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Figure 5: Comparison between the ice profile obtained with a
symmetric stencil (dash line) and with the one-sided derivative
at the uppermost grid point with pore ice (solid line).

A one-sided finite-difference expression for the first
derivative on an irregularly spaced grid is of the form

n(zi) = ez +¢) +can(zi + ¢+ hi) + (15)
c3n(zi + ¢+ b1+ ha) + O(C%, hi, h3)

where ( is the distance of the first grid point below
the interface to the interface; h; is the separation be-
tween the first and second grid point below the inter-
face, and ho that between the second and third grid
point. With Taylor expansions to third order and
after solving the resulting linear system of equations
for the coefficients, one arrives at

2(C+hi) + he

cT = -

Ion oy + B2)
2 + hy + ha
—_ 1
2 hihs (16)
2¢+ hy
g = ——.
ha(hi + ha)

Figure 5 shows a comparison between the ice pro-
file obtained with a symmetric stencil (dash line) and
with the one-sided derivative used only for the upper-
most grid point below the interface (the “outermost”
corner point in the displayed profile) (solid line). The

symmetric stencil leads to a numerical instability; the
one-sided derivative heals the instability.

For the purpose of discussion, it is noted that eq.
(14) can have an asymptotic solution that obeys

@ 8ﬁsv aQﬁsv

92 92 922
Typically, n/0z > 0, Ops, /0z < 0, and 0°ps,/02% >
0, such that this equality could indeed be satisfied.
The solution would then be of the form

L 9psv
0.8

= 0. (17)

” 9 (18)
The widening pore space would compensate for the
decrease in the gradient of the vapor pressure, such
that the flux remains constant with depth and no
deposition or loss occurs. However, an impermeable
bottom boundary does not permit such a flux and
a carefully implemented solver should not evolve to-
ward such a solution.

2.8. A first model calculation

This concludes the discussion of the treatment of
pore ice growth for an impermeable lower boundary.
The lower boundary condition is

8/_)51;
0z

The impermeable lower boundary can readily be re-
placed with an impermeable ice sheet,

(Zmax) =0. (19)

0z
A geothermal lower boundary condition will be dis-
cussed subsequently.

Figure 6 shows an example of interstitial ice
growth. The reference profile involves time vari-
able thermal properties, variable constriction, and
geothermal heat. The reference profile is reliable in
the sense that calculations with twice the spatial reso-
lution or half the time step produced almost identical
results.

The change in thermal properties of the ice-
laden regolith is important quantitatively. Two
parametrizations of thermal properties for ice-laden

(2¢) = 0. (20)
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Figure 6: Growth of pore ice after 10 ka starting with ini-
tially ice-free regolith. A synthetic sinusoidal temperature
oscillation is applied on the surface with a mean of 192 K
and an amplitude of 20 K. Other parameters are: ®g = 0.4,
Dgp, = 4 x 10~* m? s~', and Atg = 25 yr. The partial
pressure of H2O on the surface is 0.2 Pa.

soil were used in example calculations. One is a sim-
ple linear combination of the properties of dry soil
and ice (Schorghofer and Aharonson, 2005) and the
other a nonlinear model proposed by Mellon et al.
(1997).

2.4. Geothermal heat at lower boundary

Geothermal heat leads to an increase in tempera-
ture with depth, which can drive vapor upward, and
may limit the maximum depth of stability for an ice
layer. This problem has been investigated by Hud-
son (2008), and is here developed independently. The
bottom is assumed to be impermeable and there is no
supply of vapor from below.

First, we consider the physics beneath the bottom
end of a pore ice layer, which by definition is ice-
free. A geothermal temperature profile linearly in-
creasing with depth causes 0ps,/0z to be positive,
driving vapor upward (4). For the same linear tem-
perature profile, 9%ps, /022 is still positive and would
thus imply accumulation of ice (11). However, if no
ice is present, the vapor density is no longer given by
Psv, as implicitly assumed in egs. (4) and (11). This

explains why the equation for ice accumulation is in-
valid over this range of depths. With the flux upward
and no source of ice beneath, the accumulation rate
must vanish, o /0t = 0. Hence, if o is zero initially,
it can be always set to zero where the flux is upward.
The depth of the bottom boundary z4 is given by the
depth of flux reversal,

OPsu
GPsul
0z ’

Zg

(21)

if there is no ice beneath this depth.

A more general situation needs to be considered.
Temperature profiles can change as a result of chang-
ing soil conductivity and surface heat budget. The
net flux can change from downward to upward with
pores containing ice. Equation (21) is no longer ap-
plicable if the ice beneath the current value of z, lasts
for more than one time step.

The equation for movement of the lower boundary
is determined by HoO mass conservation. The mass
lost by the receding bottom ice boundary equals the
upward flux at the boundary,

(22)

dz
ice ® —4 = Dyp—7—
1% f(zg) 0 dt nNdp 9z

Zg

If no ice is present at depth zg, f(2z4) = 0, then the
boundary resides where the flux reverses, eq. (21). To
some approximation,

zg(Atp)
peto [ L2 p
24(0) n(2)

The right-hand side of this expression is positive
when the flux is upward. Because the left-hand side is
always positive, the integral should never go further
than the sign reversal on the right-hand side. Hence,
the lower boundary of the ice cannot be shallower
than the z, determined from eq. (21). The lower in-
tegration boundary can be replaced with the domain
depth zpax. Thus,

zg(Atp) P
/ f2) . _ p9psv

o 02) 2 |..
where B happens to be the same as in eq. (8). This

procedure reduces to eq. (21) when no ice is present.
It is only applied where the flux is upward.

Ipsv
P72

Atp.

Zg

(23)

(24)

max



In the case n = 0, the ice layer is impermeable and,
if the flux is upward, z, does not move at all.

3. Retreat of Ice

As ice is lost to the atmosphere, two cases are dis-
tinguished, as shown in Figure 2. One is an ice sheet
that consists of ice, including excess ice, and regolith
or dust that stays behind as the ice retreats. It does
not accommodate any void space (air) below the ice
table. This case is treated in section 3.1, and a layer
of pure ice is a special case thereof. The other, treated
in section 3.2, is a layer of interstitial ice, where the
pores are partially or fully filled with ice, but no ex-
cess ice is present, such that the soil matrix remains
the same as the ice retreats.

3.1. Retreat of ice sheet

Here we consider the retreat of pure ice and of dirty
ice that leaves a sublimation lag. The vapor flux from
the ice to the atmosphere is given by

(25)

where z; is the depth of the ice table (the thickness
of the dry layer), and p(0) the vapor density on the
surface.
The rate of retreat of a pure ice layer is
r=—J/pice, (26)
where pice is the density of bulk ice, ~ 927 kg/m3.
For an ice sheet that contains soil, several geometric
factors need to be introduced. On average, an areal
fraction of 1—®, of the ice table surface is not ice, but
the flux is limited by how much can pass through the
dry layer not by how much is supplied; irrespective
of @5, there is a saturated layer of vapor above the
ice table. Thus the flux is still given by eq. (25). The
dirty ice retreats at a rate of
J r
o Papice (@7)

faster than pure ice, eq. (26).

As the ice table retreats, any soil contained in the
ice transitions to the layer of dry soil. The relation
between the rate of ice retreat, r,,, and the rate at
which the dry layer grows, dz;/dt, is determined by
the balance of soil mass:

d
(1= ®)ry, = (1— @0)%. (28)
t
Hence, the dry layer grows at a rate
d 11—, 1
2t 2 1 (29)

A 1Dy 0y

The geometric prefactor can be collected into a single
constant
1=-95 1

6_1_(1)0(}T27

(30)

such that

% _ ﬁde ﬁsv(zt) - ﬁ(O)
dt Pice Zt .

(31)

For brevity we define Ap = ps,(2:)—p(0). This would
lead to a forward time-difference of

de Aﬁ

2t Pice

z(Atg) = z(0) + B Atp, (32)
but this expression can be readily improved.

Both, Ap and z; in eq. (31) vary with time. We
can at least account for the change in z; over one time
step with a simple integration of eq. (31) from 0 to

Ath

Ap

plCe

Zt2 (AtB) - Zt2 (O) = 25de AtB. (33)
Out of necessity, Ap is evaluated at the beginning of
the time step, and the advance will be too large when
Ap decreases rapidly with depth, as is the case when
the ice is very shallow. Nevertheless, eq. (33) is an
improvement over a simple forward time-difference,

eq. (32), and leads to

n n) 2 Ap(n)
2 = \/z§ )7 42D At (34)

1ce

For one particular initial configuration, when ice
reaches to the surface, eq. (31) breaks down because



zt = 0. Physically, the retreat rate is still limited
by convection of water vapor into the atmosphere.
Equation (34) involves a thickening of the sublima-
tion till over a single time step and thus happens
to heal the divergence. Practically, there is a worse
problem for this initial configuration caused by the
fact that ps, is extremely large on the surface and
decays so rapidly with depth that only a small time
step is permissible, otherwise the ice table advances
too far. Hence, an initial ice sheet that reaches to
the very surface is taken care of with a model spin-
up, with time steps that begin at near zero and then
increase geometrically.

3.2. Retreat of interstitial ice

Interstitial ice is lost from the interface to the at-
mosphere, while ice may simultaneously grow below
the interface.

The retreat of pore ice can be handled similarly to
the retreat of an ice sheet. The flux is again given by
eq. (25). The retreat rate is

J r

fq)Opice f(I)O .
The depth z; is replaced by the shallowest depth with
perennial ice z, and dz,/dt = r, instead of eq. (29).
Note that z, does not necessarily have to coincide
with z;, because climate conditions may change so
rapidly that the ice does not retreat fast enough to
follow z; as defined by eq. (9). Usually, 2z, and z; do
coincide.

Integration now yields,

zp(Atg) Atp 1D
/ f(2)zdz = / — 292 Apdt.
zp(0) 0 (I)O Pice

(35)

'I"p:

(36)

By definition there is no ice above z,(0), and thus
the lower integration boundary on the left-hand side
may as well be set to zero. The left-hand side is inte-
grated numerically to determine z,(Atg). As above,
Ap is evaluated at the beginning of the time step,
and the integration on the right-hand side thus re-
duces to multiplication with Atg. Using again the
constant B, eq. (36) becomes,

zp(Atp)
/0 J(2)2dz = BANz(0).  (37)

In different notation,

H(nt1)

/0 f™zdz = BAp™ (z]g")), (38)

which is solved numerically for z,(,nﬂ).

The maximum retreat is limited by the interface
depth calculated from eq. (9), and eq. (37) only be-
comes effective when the retreat is slower than the
downward movement of the interface depth. Oth-
erwise, all ice above the newly calculated interface
depth disappears.

4. Overall Scheme

The retreat of an ice sheet, the retreat of pore
ice, and the growth of pore ice form a closed set
of processes for the evolution of subsurface ice. An
ice sheet, that may have formed from precipitated
snow or ice, enters calculation only as initial condi-
tion, or would otherwise have to be added as an addi-
tional process. Conditional statements decide which
of these three processes is taking place at any given
time and location.

4.1. Time sequencing

At every time step, the model first runs a thermal
calculation until temperatures have equilibrated. An-
nual averages are calculated from the last Mars year.
The annual means are then used to advance the inter-
face by a (big) time step Atp and grow pore ice where
stable. In the next time step, the thermal model is
rerun, and so on. The thermal properties of the soil
are updated at every time step.

At each step, the thermal model needs to be run
for a number of Mars years until temperatures equi-
librate. Averages are taken from the last Mars year.
The length of this equilibration time t1 cqir will de-
pend on the depth of the domain and the quality of
the initial temperature guess. For a domain depth of
20 m, 15 Mars years are often found to be sufficient.

The part of the temperature profile that adjusts
the slowest is the bottom temperature. At the very
beginning of the model run, the temperature profile
is equilibrated for a long period, e.g. 100 Mars years.



Subsequently, a time ¢ ¢qir is used for equilibration,
but the bottom temperature of the previous time step
is passed for initialization.

The ice growth is calculated over a time step Atp.
The maximum time step allowed turns out to depend
on how sensitive the thermal properties of the sub-
surface depend on ice content. Without any such
dependence, steps of hundreds of years are readily
possible. With thermal conductivity changes, es-
pecially when the thermal conductivity involves a
square root dependence on ice content, as it does for
the parametrization of Mellon et al. (1997), steps as
small as a few years are required, otherwise the ice
content near the interface may be unreliable (Fig-
ure 6). If desired, the time step can be chosen arbi-
trarily short, but seasonal and diurnal exchange are
never reproduced.

Actual (physical) time evolves in steps of Atp. The
thermal evolution over tT ¢qr may be considered vir-
tual time, because no update of soil or external con-
ditions takes place. When output is desired every
1,000 (Earth) years, then Atp should be an integer
fraction of 1 ka.

4.2. Estimate of speed-up

By design, the climate model uses asynchronous
coupling; the time step for the thermal model is a
fraction of an hour while that for the ice evolution is
many Mars years. Nevertheless, it would be possible
to evolve the model synchronously in the sense of
Atp =t eqr = 1 or asynchronously, Atg # t7 eqir-

In terms of speed the synchronous choice turns
out to be less efficient, as will become clear from
the following discussion. Additional speedup can be
achieved with additional asynchronous coupling.

The averaging of the vapor pressure involves ex-
ponential functions, which are slower than floating-
point operations typically by a factor of 10 to 40.
Hence, we distinguish between the time necessary to
execute a floating-point operation, ég,, and the time
to evaluate an exponential function, Jey.

In the introduction it was estimated that the
speedup of the fast method compared to an explicit
model is Atp/Atexpl. ~ 10%. A more detailed es-
timate is obtained here. The number of simulated
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Mars years per second of computation time is pro-
portional to a speed factor S, which is estimated for
the various models as follows. For the implicit or
semi-implicit thermal model,

At

St = . 39
T= 5 (39)
Explicit vapor diffusion and deposition model,
Atexpl
Sexpl, = — P 40
e 5cx + 5fp ( )
Fast vapor deposition model
syn At
St('azc ) = 5fp+7:;cx (synchronous) (41)
as AtgAt
Sf(::ty » = BT (asynchronous) (42)

tT,eqlr(Sfp + 5ex

where t7 oqir is in units of Mars years.

Expression (42) reveals that the thermal equilibra-
tion time {7 cqr is not the dominant cost unless it
is longer than dex/drp, that is, 10 to 40 Mars years,
because evaluation of the vapor pressure in the last
Mars year dominates the cost.

The estimated speedup compared to an explicit va-
por diffusion model is

S At 10°
st — =T~ = =104 (43)
Scxpl. Atcxpl. 0.1

This confirms the naive guess for the expected
speedup given in the introduction. The fast syn-
chronous method is about four orders of magnitudes
faster than an explicit vapor deposition model. The
factor is gained due to the relaxation of the time step
requirement, by switching from microphysical equa-
tions to the equations for net mass balance.
Let s = dex/dp ~ 20, then

giasyn) At 1
fast ~ T B + s (44)
Sexpl. Atexpl. tT,eqlr +s
103 1+20
~ o — —— ~10°. (45
01 7 10+ 20 (45)

Hence the fast method is about five orders of magni-
tudes faster than an explicit vapor deposition model.



The additional speedup is due to the asynchronous
coupling,
(asyn)

st _

Gy

fast

1420

~

1+s
10+20

B ~ 25 %
tT,cqlr +s

18. (46)

Also of interest is the speed compared to (the sub-
surface component of) a purely thermal model

glsym)

fast

St

1
1+s

1
T 1420

~ 0.05. (47)
Hence the synchronous fast method is about one or-
der of magnitude slower than a thermal model. This
remaining tardiness is due to the evaluation of ex-
ponentials for the vapor pressure. Use of the asyn-
chronous method happens to make up for that,
s Aty 25 .
St treqrts 10420

(48)

Hence, the ice evolution can be computed as fast as
temperatures.

4.8. Implementation

The accelerated numerical method has been imple-
mented in Fortran 95, and the source code is available
online for use by the scientific community. It is the
asynchronous version of the model that has been im-
plemented. A great number of conditional statements
is used to switch among different processes at differ-
ent depths and among the two situations in Figure 2.

The programs and subroutines were developed in
three major cycles, on top of the thermal model that
is common to all of them. These development cy-
cles can still be recognized in the organization of pro-
gram units. The first development cycle achieved the
growth of pore ice, without the possibility for retreat
and without an ice sheet. The second cycle included
the retreat of ice but still uses synthetic surface tem-
peratures, such as a sinusoidal time dependence. The
third cycle then uses insolation driven temperatures
with actual Mars orbit. Compared to the synthetic
temperatures, many additional variables need to be
passed to the subroutines.

When the model is applied not only to a single
site, but to many sites simultaneously, such as a grid
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spanning the entire globe, the size of the output files
should remain manageable. Depth profiles of tem-
perature and water vapor density do not need to be
stored, but the depth profile of ice content is needed.
The file size can be reduced by avoiding trailing zeros
wherever the ice content is zero.

4.4. The M-SIM (Mars Subsurface Ice Model) pro-
gram, collection

A collection of subroutines and driving programs
is made available on the web, including the nu-
merically accelerated model described here. They
are currently available from the author’s website at
www2.hawaii.edu/ norbert/m-sim/. Although many
of these implementations and the numerical methods
underlying them could be improved, these functional
components are intended to facilitate modeling for
the research community.

At this point in time, M-SIM includes the following
model components:

1. Semi-implicit thermal model

2. Explicit vapor diffusion and deposition model
3. Equilibrium models of the ice table

4. Fast method of ice growth and retreat

Part 4 is described in the present article. Part 3
is used extensively in Schorghofer and Aharon-
son (2005) and Aharonson and Schorghofer (2006).
Part 2 has been described in appendix B of
Schorghofer and Aharonson (2005), and part 1 is de-
scribed in technical notes also available on the M-
SIM website. All the models are essentially one-
dimensional, but the surface energy balance of hori-
zontal and sloped surfaces can be coupled.

5. Two Applications

The capabilities of the fast model are best illus-
trated with two specific examples. Both involve time
integration over hundreds of thousands of years, time
periods that are inaccessible with conventional mod-
els. The effective speed was roughly 100,000 years of
simulation per one hour of computation time, on a
new workstation.



Beyond of what has been described above, these
model simulations include varying orbital elements
based on Laskar et al. (2004) and require assumptions
about the history of atmospheric humidity. The last
precipitation dates from a different obliquity epoch
(Head et al., 2003; Mischna et al., 2003; Levrard
et al., 2004; Forget et al., 2006). It is not reliably
known when the last ice sheet formed by precipita-
tion or how humidity varied with time. An obliquity
near ~47° was last reached about 5640 ka ago; and an
obliquity of ~35° has not been exceeded since 632 ka
ago.

Two extreme humidity scenarios are considered.
One where the partial pressure of HoO does not vary
at all from year to year, and only the temperature
changes due to the orbital variations. The other ex-
treme is a humidity purely controlled by sublimation
loss from the North Polar cap (Toon et al., 1980),
without any limitations for the vapor transport from
the poles to lower latitudes. Realistic humidity histo-
ries lie between these two extremes. The atmospheric
humidity for this variable humidity scenario depends
mainly on obliquity and to a lesser degree on eccen-
tricity and the longitude of Mars’ perihelion.

The model uses a constant atmospheric pressure,
and thus the duration and extent of the seasonal
CO3 cover does not change with orbital configura-
tion, which is somewhat unrealistic. The number of
numerical grid points is 80-110, with six points re-
siding within the diurnal skin depth.

5.1. Ice near the geographic permafrost margin

The Gamma Ray and Neutron Spectrometer on-
board Mars Odyssey found a high abundance of the
element hydrogen poleward of roughly 60° latitude
on both hemispheres (Boynton et al., 2002; Feldman
et al., 2002; Mitrofanov et al., 2002; Feldman et al.,
2004). Both, equilibrium and non-equilibrium mod-
els, predict that the margin (latitudinal boundary)
of the two hemispheric ice layers moved over the past
few million years (Mellon and Jakosky, 1993, 1995;
Schorghofer, 2007a).

The subsurface model simulates the growth of ice
in interstitial soil pores from atmospherically derived
water vapor and the retreat of pore ice. The simula-
tions begin arbitrarily 1 Ma ago. The present margins
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are assumed to have been depleted at least once since
the last precipitation, and thus there is no initial ice
sheet. The bottom boundary of the subsurface ice is
restricted by a geothermal heat flux of 28 mW /m?.
Figure 7 shows results for a latitude of 55°N.

Figure 7a and 7b show burial depths and the
lower boundary of the ice for the two humidity his-
tories. Retreats coincide with periods of low oblig-
uity; at this particular latitude, annual mean tem-
perature is high when obliquity is low and vice versa
(Schorghofer, 2008b). The difference between the
geothermally limited depth of the ice and the depth
of the ice table is the thickness of the ice-rich layer.
At 55°N, the ice becomes repeatedly unstable and its
thickness is limited by the time available for growth;
it never reaches more than several meters.

Figure 7c shows the ice content for both humidity
scenarios. The thickness is a few meters and the pores
are only partially filled with ice.

Figure 7d shows the column integrated amounts of
ice. The result strongly depends on the humidity his-
tory, but in both cases depletion proceeds faster than
recharge. This is physically plausible, because the re-
treat rate is limited by diffusion but the recharge rate
is limited not only by diffusion but also by the ability
to pump vapor downward. Hence, two different time
scales are involved.

Subsurface ice retreats rapidly when it is unstable
near the geographic margins and the volume changes
are significant. It is plausible that the layers of the
Polar Deposits are the result of contractions of the
ice-rich permafrost.

5.2. History of ice at the Phoeniz landing site

The Phoenix Lander touched down at 68.2°N and
verified the existence of water ice beneath the dry
surface (Smith et al., 2009; Mellon et al., 2009; Size-
more et al., 2010). Equilibrium models indicate
that the depth of the ice table is indeed consistent
with atmosphere-subsurface exchange (Mellon et al.,
2009). Model calculations of the ice history using an
older and less developed implementation of the fast
method were described in Schorghofer (2008a), prior
to landing. These calculations predicted that near-
est the surface is interstitial pore ice instead of an
ice sheet and that the pores should be completely
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Figure 7: Retreat and growth of pore ice in a model study for 55°N latitude from 1 Ma ago to the present. a) Ice depths

when the atmospheric humidity is constant with time. b) Ice

depths when atmospheric humidity varies strongly with orbital

configuration. c) Present-day vertical distribution of water ice for both humidity scenarios. d) Time history of the column

integrated ice mass for the two climate scenarios.
Atp = 50 years, At = 0.02 sols.

filled with ice. These conclusions are confirmed by
the more definite simulations described in the follow-
ing.

To determine the vertical distribution and age of
ground ice, it is necessary to consider the history of
the ice since the last precipitation. The model of the
evolution of subsurface ice layers is applied to the
landing site. Various assumed parameters are listed
in Table 2. The initial ice sheet is 20 m thick, but the
behavior in the upper meter of the surface depends

Depletion proceeds faster than recharge.

Model parameters: ®9 = 0.4,

little on the total sheet thickness.

Figure 8 shows the time variation of ice table
depths for a climate scenario where the last ice sheet
formed 632 ka ago at an obliquity of ~35°. The up-
per interface is that between ice-free soil and pore ice.
The lower ice table is the top of the almost pure ice
sheet. During dry or warm periods, interstitial pore
ice recedes, and after all pore ice is lost, the ice sheet
retreats to greater depth. During humid or cold pe-
riods, pore ice forms, while the ice sheet remains at
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latitude 68.2°N
albedo 0.2
thermal inertia of dry soil 2507
thermal inertia of icy soil 25018261
thermal inertia of ice sheet 21767
porosity of dry soil 50%

dust content of ice sheet 5%
density of dry soil 1608 kg m—3
heat capacity of dry soil 800 J kg 1K1t
atmospheric pressure 784 Pa

4% in zenith
2% in zenith

atmospheric absorption
atmospheric scattering

thermal model time step At 0.02 sols
ice model time step Atp 200 yr
equilibration time tr cqir 10 Mars yr

Table 2: Model parameters for the Phoenix landing site study.
T unit is Jm’2K7157%

constant depth. In both scenarios the pore ice depth
has barely changed in the past 25 ka.

Figure 9 shows the model results for the vertical ice
profile. The pores are completely full in the pore ice
layer. Deposition was sufficiently fast to lead to such
high ice content. Time progression of the vertical
ice profiles reveals that the pore ice interface grows
upward with essentially full pores below the interface.
For the second humidity scenario, the ice profile (not
shown) also has essentially completely full pores.

For a prescribed atmospheric partial pressure of
0.2 Pa, the annual mean molecular number densities
on the surface varied between 1.2 x 10 and 2.1 x 10°
molecules m—3, with a present-day value of 1.8 x 10'°.
For the variable humidity scenario this density varies

between zero and over 102° molecules m~3.

For both climate scenarios considered here, the
following is true: (i) Nearest the surface is inter-
stitial pore ice instead of an almost pure ice sheet
(Schorghofer, 2007a), and (ii) The pore filling fraction
is close to its maximum. Both are consistent with
observations by the Phoenix Lander (Mellon et al.,
2009), where most of the ice was found to be pore ice
with some patches of almost pure ice.

If the last precipitation occurred earlier than 632 ka
ago, then the ice sheet lies deeper beneath the surface
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Figure 8: Retreat and growth of ice in a model study for the
Phoenix Landing site. a) Tilt of rotation axis of planet. In b)
the atmospheric humidity is assumed to be constant. In ¢) at-
mospheric humidity varies strongly with orbital configuration.
Both scenarios lead to a three-layered depth distribution with
a thin layer of pore ice.

while the depth to pore ice will be about the same.

There is an important conclusion to be drawn from
a comparison of the constant humidity and strongly
varying humidity scenario in Figure 8. The pore ice
depths evolve out of phase. When the humidity is
constant, then higher obliquity implies higher tem-
perature and thus a retreat of pore ice. On the other
hand, the supply of vapor from the North Polar cap
is much higher at high obliquity, which overcompen-
sates for the change in temperature, leading to shal-
lower pore ice at high obliquity. A consequence of
this is that an intermediate humidity scenario may
have a pore ice layer thinner than either of the two
extreme scenarios. Hence, the pore ice layer can be
very thin.
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Figure 9: Three snapshots of the vertical distribution of water
ice for the same simulation as in Figure 8b. Soil porosity is
50% and the ice content of the ice sheet is 95%. The interfaces
are only one numerical grid point thick.

6. Summary

An accelerated numerical method is described for
the long-term evolution of subsurface ice (much
longer than one Mars year). Processes incorporated
are growth of interstitial pore ice from atmospheri-
cally derived vapor, retreat of pore ice by loss to the
atmosphere, retreat of an ice sheet by loss to the at-
mosphere, and retreat of pore ice due to geothermal
heating from below.

For this purpose, we have derived equations for the
depth to the pore ice interface, eq. (7), the growth
rate of pore ice, eq. (13), and the lower boundary
condition with and without the presence of geother-
mal heat, respectively eqs. (19) and (24). We also
worked out retreat rates for various cases and for-
mulas for the advance of ice tables over a time step,
egs. (34) and (38). Some of the numerical issues that
had to be addressed are a one-sided derivative for
the constriction function during pore ice growth and
a spin-up phase when initially the ice reaches all the
way to the surface.

The accelerated method is five orders of magni-
tude faster than explicit vapor transport calculations,
eq. (45), when diurnal variations are to be resolved.
Its speed matches that of purely thermal models, eq.

15

(48). The speedup is achieved mainly by solving the
time-averaged equations for vapor transport and ice
volume change. The time step is ultimately limited
by how strongly the thermal properties of the ice-
laden soil depend on ice content. In realistic model
simulations, one hour of computation time can fol-
low 100 ka of subsurface ice dynamics on Mars with
half-hour time steps for the thermal model.

The numerical method has been implemented and
applied to two problems.

Near the margins of the ice-rich permafrost at
55° latitude, ice is repeatedly depleted and slowly
recharged, leading to a pore ice layer estimated to
be currently no more than a few meters thick. The
ice accumulates slowly when it is stable but retreats
rapidly when it is unstable.

At the Phoenix Landing Site the model shows the
growth of a three layered structure, whereby the layer
of pore ice can be very thin. These calculations pre-
dicted that nearest the surface is interstitial pore ice
instead of an almost pure ice sheet and that the pores
should be almost completely filled with ice, in agree-
ment with the observations (Mellon et al., 2009).
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